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Abstract 

^"J . We prove that the almost sure Lyapunov exponent A(k) of the con- 

tinuous space Parabolic Anderson Model is bounded above by c u k 1 / 3 as 
ft 4- under mild regularity conditions. This bound of the same order of 
the previously proven lower bound, A(k) > cik 1 ^ 3 . 

(Sj ■ 1 Background 

>: 

. Let {W x : x € R } be a Gaussian field of identically distributed copies of 

0^ ■ Brownian Motion starting at defined on the probability space (fi, J 7 , Q). This 

field has covariance given by EQ[W x (t)W y (s)} = F(x — y)(t A s) where T(z) = 
r(— z) is twice continuously differentiable, bounded by < T(z) < 1, and has 
the following Taylor expansion near 0: 

T(z) = l-c d z 2 + o(z 2 ). (1.1) 

This assumption on the Taylor expansion of T can be relaxed considerably, see 
Remark 12.61 

rS . We consider the following stochastic differential equation over M d , 

u(x,t) = u (x) + ^ / Au(x,s)ds+ I u(x,s)dW x (s), xeR d ,t>0, (1.2) 
2 Jo Jo 

where k > is constant, cWa; denotes the Stratonovich differential of W x and 
A is the Laplacian. Equation (|1.2j) is called the Parabolic Anderson Model in 
R d , hereafter PAM. 

In [3] the existence of a solution to (|1.2[) was established, as was the validity 
of the Feynman-Kac representation of the solution: 



u{x,t) = E x Uo dw *<*-*)Mtt (X(*))l (1.3) 
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where X(s) is a k speed d-dimensional Brownian Motion, i.e. the diffusion with 
generator §A. In this paper we restrict our attention to the uniform initial 
condition, Uq(x) = 1. 

In studying the PAM, the Lyapunov exponent 

A(k) = lim -u(x,t) (1.4) 

has been of primary interest. The existence of A(k) as a deterministic limit, and 
its convexity were established in [3J . 

It it the purpose pf this paper to improve previously derived bounds on the 
small k behavior of X(k). In [5] it was proven that 

liminf^>c (1.5) 

and that 

,. A(k) , . 

hmsup . < c. (1.6) 

It was conjectured that the lower bound (|1.5|) gave the correct asymptotics for 
X(k). We prove this conjecture. 

Theorem 1.7. Under the aforementioned 

limsup^^<c. (1.8) 

These results generally mirror those of the discrete PAM, x € However, 
the small K behavior of A(k) notably differs from the discrete model where 

lim A(k) h\(l/n) = c 

At 4,0 

as proven in [51 [31 [3] . For information of the discrete PAM see [3J [B] . 

2 Proof of Theorem 11.71 

Remark 2.1. This approximation approach follows from an idea of Michael 
Cranston's, who used the same approximating functions in an unpublished proof 
of the lower bound (|1.5[) . 

For convenience let 

F(f)= f dW f{T - s) {s). (2.2) 
Jo 

We will approximate the Brownian paths in the Feynman-Kac representation 
of ii(0, T) using Cameron-Martin functions. In particular, we will work with the 
family 

H T (C) = {/ € C ([0,T]), \\f\\ 2 < C) . (2.3) 
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The topology on Cq([0, T}) is defined by the natural metric, 



d(f,g) = (E Q (F(f)-F(g)) 



Throughout this paper, C :— Rh^^T 1 / 2 where R is a constant chosen suffi- 
ciently large and e — eoK 1 ^ 6 T 1 / 2 , €q > an arbitrary small constant. 

The key inequality we will use to bound the growth of u(x,t) is Fernique- 
Talagrand (Theorem 4.1 of [1]). Fernique-Talagrand is a function of an en- 
tropy bound on the Gaussian field; in our setting this reduces to a bound on 
M € (Ht(C)), the number of e-balls under the d metric needed to cover Ht{C). 
The existence of this entropy bound, which is a corollary of a result of Kol- 
mogorov and Tikhomirov's, was the motivation for our choice of approximating 
functions. 



Theorem 2.4. 



K(H T (C)) < Cl e X p^c 2 



CT\ 

"TJ 



Proof. From [5] we have that 

Af e (H„ /2 (C)) < Cl exp|c' 2 ^| 



(2.5) 



We use scaling relations to derive the theorem. For / e H^/ 2 {C) let g(s) 
f(^s),geC ([0,T}). Then 



n (2T^(2T S )) 



<i« = ^ r /2 f 2 (t)dt = ^\\f:i 



7T 

2TJo 



Thus g € H T (y^C) and we have a bijection H^/ 2 {C) <H> H T (y/^C). This 
mapping also affects the radii of L 2 -balls. Letting h(s) — k (^f s ) where k £ 
H-K^iC) wee see that 



\g( S )~h{s)f 



So a L 2 -ball of radius e in i/ 7r /2(C) maps to a L 2 -ball of radius in 
Ht ( C) ■ From (I2.5[) and these scaling arguments that 

M e {H T {C))=M^ 

< c\ exp < c 2 > — c\ exp < C2 > 




3 



This bound has so far been proven for the L 2 metric, we need to show that 
it applies to the d metric. We have that 

d 2 (f,g)=E Q (F(f)-F(g)) 2 

2 / l-r(f(s)-g(a))da 

c d (f(s)-g(s)) 2 -o((f(s)-g(s)) 2 )ds 
<2c d \\f-gg 

using assumption Thus every radius e d-ball is contained in a radius 

ey / 2cd £ 2 -ball and, allowing for changes to the constant C2, we have the desired 
bound. □ 

Remark 2.6. The domination of the d metric by the L 2 metric in the final step 
of the proof of Theorem 12.41 is the sole reason for the assumption (jl.lj) . This 
assumption can be weakened, so long as the metric domination is preserved. 

We denote by T> iT {C) a minimal f-net of H T (C), i.e. |r f)T (<7)| = M e/2 {H v/2 {C)). 
Then we bound u(0, T) by 



t(0,T)< eF(9)E o 



,F{X)-F[g) 



ger f _ T (c) 



where 



Err = E 



d(X,g) < e P (d(X,g) < e) + Err 

(2.7) 

(2.8) 



e F{x) ; inf d(X, g) > e 
s er 4iT (o) 



and R and eo are chosen such that liniT_i.o Err — a.s. for k small. 
To bound this error term, we first apply Cauchy-Schwarz and obtain 



1/2 



Err < 



,2F(X) 



\[ inf d(X,g)>e 



(2.9) 



Gaussian scaling arguments show that 



,2F(X) 



= E 
= E 
= E 



e fodW x(T _ s) (4s) 



e fo T d W X ((4T- u )/4){u) 



exp{(A(9 +0 (l))4T} 



(2.10) 
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To bound the second term in (|2.9[) . we introduce fs(X) as the linear inter- 
polation between the points (0, 0), (6, X(S)), (25, X(25)), . . . , (T, X(T)). Then 



Po ^ gr mf (c) d(X,g) > e\ < P (d(f 1/K (X),g) > ~) + P (d(X,f 1/lt (X)) > ~) 

< Po £ H T (C)) + P / 1/K (X)) > |) 

Lemma 2.11. 

Po (fi/ K (X) ffr(CO) <2exp|-| (W/ 3 - k - 2k In ( -^-^ | . 
Proof. 

Po (/i/ K PO £ ^t(C)) - Po (||/i/«W|| a > C ) 

= p (||A/kPO [ >^ 2 ) 



v»=l 



C 2 



Note that Zi = X(i/ k)- X((i-1)/ k) ~ 7V(0, 1) are iid. We will apply Cramer's 
Theorem [7] to obtain our bound. First observe that Zf is a \\ random variable 
and thus has logarithmic moment generating function 



A(A) = lnE e 
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±ln(l-2A) 1-2A>0 
otherwise 



whose Fenchel-Legendre transform is 



A*(x) = sup {Ax - A(A)} = - (x - 1 - In at) 
x 2 



Thus, 







< 2 exp < 






= 2 exp < 






= 2 exp < 


_I ^V/ 3 -/t-2 K ln 



(2.12) 



P 

TT/S 



□ 
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Lemma 2.13. 

( 4 



J o (d(XJ 1/K (X)) > |) < 2cxp|- K TA* 



I 4k 2/; 



where A* is a good rate function such that 



lim ^M = oo. (2.14) 

|s|->oo \x\ 



Proof. 

Po (d(X,f 1/K (X)) > |) =P fd 2 (X,/ 1/K (X)) > 
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= p ^d 2 (r l; o)>^j 

where Y^s) = X(s + (i - 1)/k) - / 1/re (X)(s + (z - 1)/k), s e (0, Observe 
that the Yi are iid rate k Brownian Bridges on (0, and that 

/ ,i/k \ 2 

d 2 (y 4 ,0) = E Q U dWV 4 (i/«- a )(a)-y rfWo(s)j 

/ 1 /" 1/k \ 2 

= 2 -- / r(K t (l/ K - S ))ds <-. 
\« 7o / « 

It follows that d 2 {Yi, 0) has a bounded logarithmic moment generating function, 

f 2A 

A(A) < max — ,1 
I K 

and therefore has a good rate function [7] such that 

,. A*(x) 
hm — j — j — = oo. 

\x\— >oo \x\ 

Applying Cramer's Theorem completes the proof, 

P (d(X,f 1/K (X)) > |) =P ^£d 2 (y i5 0) > 

<2exp{-.TA*(-^ 



□ 

This completes the lemmata used to control Err. We continue with the lem- 
mata which bound the terms in (|2.7j) before proceeding to the main argument. 
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Lemma 2.15. For all r\ > 1, 



where n e N. 
Proof. Let 



limsup— sup F(g) < r\c 4 ^J c^Rk 1 ^ 3 a.s. 



★ := E Q sup F(f). 

f£H T (C) 



First we apply Fernique-Talagrand (Theorem 4.1 of pQ) and then we use of 
Lemma I2T41 and the elementary fact that d(f,g) < (2T) 1 / 2 to obtain 



* < K 



< K 



diam{H T (C)) 



{\nU 5 {H T {C))) 1/2 d5 



v'T) 1 '* / CT\ 1/2 

In ci + c 2 J cZ(5 



K(\nci 



,1/2 



(2T) 1 



c 2 CTl 



1/2 



In ci 5 / 

To proceed we first make the substitution r = so that 



dS. 



* < A'- 



c 2 CT 

C 2 CT /"C2CT1/2 / IN 1/2 



(ln Cl )V2 7 Q 
For brevity, we define the constants 
v^lnci 



1 + - ) dr. 



KC 2 



C3 



C4 



c 2 (ln Cl )V2- 
Then we make the trigonometric substitution tan 9 = r 1 / 2 . Thus 

* < c 4 CT J 2 sec 3 0<f0 

= c 4 CT [tan 6> sec 9 + In |tan 6» + sec 0\] 

= c 4 CT [VFVrTT + lnlVr + Vr + ll]^^ 



c 4 CT 



C3 



CTV2 y CT i/ 



1 + ln 



C3 



CT 1 / 2 V CT 1 / 



C3 



Now we make use of Taylor's Theorem. First for yi+T = 1 + i + 0{z ) and 
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then for ln(l + z) = z + 0(z 2 ) 
* < c A CT 



C3 



C3 , Q f 1 



CT i/2 ( 1+ 2CT 1 / 2 + \C 2 T 

CT x/2 y ^ 2CT 1 / 2 \C 2 T 
2c 4V ^CT 3/4 + O (V 1/2 ) 



-In 



C3 



c 3 / 1 

CTV2 1 + 2CT 1 / 2 + [ij^T 



= CiCT 



+ C3 +Q _J_ 

CT i/2 2CT 1 / 2 \CT 1 / 2 



= 2c 4 t/^Rk 1/3 T + (T 1/2 
Noting that E Q {F(f)) 2 = T and applying Borell's Inequality (pQ Theorem 2.1), 

Q[ sup > AT) < 2exp(--^ (XT - 2c 4 ^Rn 1/3 T + 0(T 1/2 

\feH T (C) J { 21 \ 

< 2exp|-^ (A - 2c 4 v / c 3 ~R'« 1/3 + 0(T" 1/2 )) 2 

Thus, for any A > 2c 4 \J 'c^Rn 1 / 3 , by the Borell-Cantelli Lemma we have that 
limsup— sup F(f) < A 

ri-i-oc H feH n (C) 

which proves the lemma. 
Lemma 2.16. For all rj > 1, 

limsupiln sup E \e F ^~ F ^ d(X, g) < 
where neN. 



a.s. 



< 



e + 2 



□ 



a.s. 



Proof. Observe that F(X) — F(g) is a centered normal and that on the event 
{d(X,g) < e} we have 

Eo(F(X)-F(g)) 2 =d 2 (XJ)< 

For a single <?, using Chebyshev's inequality, 

Q(e 



c 2 . 



e F(X)-F(g) 
[Eq 



< e~ 7 E 



exp 

< exp |— 7 + 
= exp < -7 + 



,F(X)-F(g) 

d 2 (X,g) 



> e 1 
d(X,g)<e 

d(X,g)<e 



2 
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It follows that 



Q 



sup 

s er §iT (c) 



En 



< 



•[ 



F(X)-F(g) 



d(X,g)<e 



> e> 



,F(X)-F(g) 



ser« T {C) 



d(X,g)<e 



> e 



< ci exp < c 2 



R k^T 



7 + 



,1/3 T 



Where the last line is an application of Lemma l2.4l Choosing any 7 > {C2RK 1 / 2 / €q + £qK 1 / 3 /2) T 
and applying the Borell-Cantelli Lemma completes the proof. □ 

Proof of Theorem \1.7\ As X(k) is a convex increasing function with A(l) < 1/2 
and A(0) = 0, we have that 

w , A(l) -A(0) k 

X(k) < — — — K < -. 

y ' ~ 1-0 - 2 



Combining this with (|2.9|) . (|2 . 10[) . Lemma T2. Ill and Lemma \2. 131 we have that 
Err < (exp { + o(l)) 4T j 

2c\p<| j i?V /3 — re — 2k In ^-^.U j + 2 exp -| — kTA* 
R 2 k^ 3 k , ( R 



U K 2/; 



2exp<J-T( -- 



2 exp <^ -T 



2 



2 

kA* 



K 1 
k in 

2 



4k 2/3 



«V3 
0(1) 



l-o(l) 

1/2 



where A*(x) satisfies (|2 . 14[) . We wish to show that on (0, kq), kq < 1, 



k R 2 ^' 3 
2 + — 



K 

2 



rein 



R 



>0, 



4k 2/3 



> 0, (2.17) 



for this ensures that Err — > a.s. 

Examining the second condition first, by (12. 14)) we have that for any N, 
there is a xn so that A*(x) > Nx for all a; > xm ■ By choosing TV large and 
kq < 1 small such that £q/4k^ 3 > xm, the second condition is satisfied for all 
k £ (0, Kq). We can then choose R large enough so that the first condition is 
satisfied for all k e (0, kq). 

As Err — > with our choice of R and kq, by applying Theorem l2.4[ Lemma 
|2~T51 Lemma dm and applying the trivial bound P (d(X,g) < e) < 1 to ([27fjl 
we see that 



A(«) 



lim -lnu(0,n) < c 2 — K 1/2 + 277c 4 Vc3fi«; 1/3 + ry — h -2 

n.->oo n £q V eo 2 



1/2 
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Thus the behavior of X(k) as k 10 can be summarized as (^(k 1 / 2 ) + O^ 1 / 3 ) = 
0(kV3). □ 
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